A spherical τ -design on S n−1 is a finite set such that, for all polynomials f of degree at most τ , the average of f over the set is equal to the average of f over the sphere S n−1 . In this paper we obtain some necessary conditions for the existence of designs of odd strengths and cardinalities. This gives nonexistence results in many cases. Asymptotically, we derive a bound which is better than the corresponding estimation ensured by the Delsarte-GoethalsSeidel bound. We consider in detail the strengths τ = 3 and τ = 5 and obtain further nonexistence results in these cases. When the nonexistence argument does not work, we obtain bounds on the minimum distance of such designs.
Introduction
Spherical designs were introduced in 1977 by Delsarte, Goethals and Seidel [9] . A nonempty finite subset C of the Euclidean sphere S n−1 is called a spherical τ -design if and only if the equality
holds for any polynomial f (x) = f(x 1 , x 2 , . . . , x n ) of total degree at most τ . Here µ(.) is the normalized Lebesgue measure, i.e. µ(S n−1 ) = 1.
The Gegenbauer (ultraspherical) polynomials [1, Chapter 22] can be defined by
1 (t) = t, (i + n − 2)P If f (t) = k i=0 a i t i is a real polynomial, then f (t) can be uniquely expanded in terms of these polynomials as f (t) = k i=0 f i P (n) i (t). It is known that
A second characterization of spherical τ -designs (see, for example, [10, Equation 1 .10]) is that for any τ -design C ⊂ S n−1 and for any point y ∈ C the equality x∈C\{y} f ((x, y)) = |C|f 0 − f (1) (
holds for every real polynomial f (t) of degree at most τ , where (x, y) is the usual inner product in R n .
Denote by B(n, τ ) (resp. by B odd (n, τ )) the minimum possible cardinality (resp. odd cardinality) of a τ -design on S n−1 . The following Fisher-type lower bound on B(n, τ ) was obtained by Delsarte-Goethals-Seidel [ 
A spherical design is called tight if it attains the bound (4). Bannai and Damerell [3, 4] proved that for n ≥ 3 tight spherical τ -designs on S n−1 do not exist if τ = 2e and e ≥ 3 or τ = 2e + 1 and e ≥ 4 except for τ = 11, n = 24. There exist tight τ -designs for τ = 1, 2, 3 in all dimensions. Exactly eight tight τ -designs with τ ≥ 4 are known. The bound (4) is therefore improved by one in the cases where the nonexistence of tight designs is proved (see [3, 4, 5] ). Further improvements (by more than one) of the bound (4) for some τ ≥ 6 were obtained in some dimensions in [6, 7] by using linear programming. Fazekas-Levenshtein [10, p. 287] write that the problem of asymptotic improvements of (4) is one of the most important problems in the theory of polynomial metric spaces (one of which is the Euclidean sphere). We first obtain restrictions on the distributions of the inner products of τ -designs with odd strength τ . To do this we use suitable polynomials in (3). This gives necessary conditions for the existence of designs of odd strength in terms of the strength τ , the dimension n, and the cardinality R(n, τ ) + k. These conditions imply nonexistence results for designs with odd cardinalities (i.e. for odd k) in many cases. For τ = 3, we prove the nonexistence of spherical 3-designs on S n−1 with R(n,
while (4) gives B odd (n, 3) ≥ 2n + 1. On the other hand, Bajnok [2] has constructed 3-designs on S n−1 with all odd cardinalities greater or equal to R(n, 3) + n/2 = 5n/2 for n ≥ 6, 11 for n = 3, 4, and 15 for n = 5. For τ = 5, we prove the nonexistence of spherical 5-designs on S n−1 with R(n, 5)+k = n 2 +n+k points for all odd k < n 2 instead of B odd (n, 5) ≥ n 2 + n + 1 from (4). Then we describe a method for proving further nonexistence results and give some examples. For constructions of spherical 5-designs we refer to [11, 13] . In general, Theorem 2.8 shows that for τ = 2e + 1 and for every positive p < (2 1/τ − 1)/e! there exists a constant n 0 = n 0 (p) such that for n ≥ n 0 there do not exist τ -designs on S n−1 with cardinality R(n, τ ) + k for all odd positive k ≤ pn e . Therefore,
whereas (4) gives B odd (n, 2e + 1) ≥ 2n e /e! as n → ∞.
In three dimensions, we rule out the first open cases by showing the nonexistence of 3-designs with 7 points and 5-designs with 13 points. Bajnok [2] has constructed 3-designs on S 2 with m points for m = 8 and all m ≥ 10. Hardin-Sloane [11] and Reznick [13] have constructed 5-designs on S 2 with m points for m = 12, 16, 18, 20, and all m ≥ 22 and conjectured that the remaining cardinalities are impossible. When our nonexistence argument does not work, we obtain bounds on the maximal inner product s(C) = max{(x, y) : x, y ∈ C, x = y} of (2e + 1)-designs on S n−1 of odd sizes in terms of e, n, and |C|. These bounds are equivalent to bounds on the minimum distance d(C) = min{d(x, y) : x, y ∈ C, x = y}. Fazekas-Levenshtein [10, Theorem 4] note that a combination of Levenshtein's bound for spherical codes and (4) implies a lower bound on the maximal possible inner product of spherical τ -designs. For τ = 2e + 1, the asymptotic form of this bound is
where h e is the greatest zero of the Hermite polynomial H e (t). For odd τ = 2e+1 and k = γn e , we show that
which is positive for (2 1/τ − 1)/e! < γ < ( √ 2 − 1)/e!, and therefore is better for large enough n than the bounds which can be obtained by the Fazekas-Levenshtein observation.
General necessary conditions and nonexistence results
For a τ -design C ⊂ S n−1 and y ∈ C we denote I(y) = {(x, y) : x ∈ C, x = y} counting with the multiplicities. Thus we may assume that I(y) = {t 1 , t 2 , . . . , t |C|−1 } where
and we use it in this form. Delsarte-Goethals-Seidel [9] obtain bound (4) by using suitable polynomials in the following so-called linear programming bound (see also [8, Chapter 9] ) for spherical designs. Theorem 2.1 [9] Let n ≥ 2, τ ≥ 1, and f(t) be a real polynomial such that
and y ∈ C. We first derive an upper bound on the least inner product t 1 ∈ I(y). We set
< 0.
Theorem 2.2 We have t 1 ≤ δ.
Proof. The bound (4) for τ = 2e + 1 was obtained [9, Theorem 5.12] by using the polynomial (t + 1)g(t) in Theorem 2.1. Since g(t) is an even function, (1) shows that the first coefficients in the Gegenbauer expansions of (t + 1)g(t) and g(t) coincide. We denote this common coefficient (3) . Then the LHS is nonnegative, and the RHS is
We denote by b i the first coefficient in the Gegenbauer expansion of t i (see (1) and (2)).
Lemma 2.3 We have
Then each point of C has a unique δ-near antipode from C. In particular, k must be even. Proof. If t 2 ≤ δ for some y ∈ C, then by f (t) = t 2e in (3) we obtain
which contradicts (5). Therefore
for all y ∈ C. Then for any point y ∈ C there exists a unique δ-near antipode x ∈ C (in our notations, x = x 1 ). Therefore the points of C must be divided into disjoint pairs, i.e. |C| is even. Since R(n, τ ) is even for τ odd, the number k must be even. Setting different polynomials in (3) and using the estimation from Theorem 2.2 one can obtain better nonexistence results for (2e + 1)-designs with odd cardinalities. In the next two sections the cases e = 1 and e = 2 will be considered in detail. Before that we give another universal nonexistence rule.
Theorem 2.6 Let α be the least zero of the polynomial g(t). If n ≥ 3 and the odd numbers
and
then there do not exist τ -designs on S n−1 with R(n, τ ) + k points.
Proof. Let us suppose that t 2 ≤ δ for some y ∈ C. The even function g(t) decreases in the interval [−1, α], g(1) = 1, and g 0 = 2/R(n, τ ). Thus
which contradicts (7). Then t 2 > δ for all y ∈ C and the nonexistence argument from Theorem 2.4 can be applied.
The conditions (5) and (7) coincide when e = 1 as we see in Theorem 3.1 and Example 3.2. For e ≥ 2, (7) gives stronger results, but we have to check if (6) holds. In fact, we conjecture that (7) implies (6). This is suggested by the cases τ = 3 (cf. Theorem 3.1 and Example 3.2) and τ = 5 (cf. Theorem 4.5). Lemma 2.7 If k and τ are fixed and n → ∞, then α tends to zero. Proof. By the recurrence relation for the Gegenbauer polynomials, one has
e and we are done. Another proof follows by the explicit formula [1, p. 775] for the Gegenbauer polynomials (all but the leading coefficients tend to zero when n tends to infinity). We now discuss the nonexistence results ensured by Theorem 2.6 for τ fixed and n → ∞. Theorem 2.8 For fixed τ = 2e + 1 ≥ 3 and every positive p < p 0 = (
Proof.
e /e! as n → ∞, we have
Thus (6) is satisfied for large enough n. For (7) we have
(use, as in the proof of Lemma 2.7, that P (n)
. This completes the proof.
Corollary 2.9
For fixed τ = 2e + 1 ≥ 3 and n → ∞, we have
The above approach can be further refined and improved. We show this in the next two sections (see the discussions after Example 3.2 and Corollary 4.5).
Nonexistence of certain 3-designs
For n = 3, we have R(n, 3) = 2n, g(t) = t 2 , δ = −n/(n + k), and α = 0. Let C ⊂ S n−1 be a 3-design with |C| = R(n, 3) + k = 2n+k points and y ∈ C. We set C = {y, x 1 , x 2 
. The LHS is nonnegative for i = 1 and nonpositive for i = 2n + k − 1. By (2), we compute
Resolving the inequalities f 0 |C| − f(1) ≥ 0 for i = 1 and f 0 |C| − f(1) ≤ 0 for i = 2n + k − 1, we obtain the desired estimations. The argument in Section 2 corresponds to a = 0 in Lemma 3.3. Now we investigate the function F (a). The equation F (a) = 0 is equivalent to the quadratic equation
Let a 1 and a 2 be the negative and positive root of (8) respectively, i.e.
Lemma 3.4 We have t
Proof. The function F (a) has maximum for a = a 1 and minimum for a = a 2 . Since F (a 1 ) = 0, we have F (a 1 ) = h 1 (a 1 )/h 2 (a 1 ). To check the identity F (a 1 ) = a 2 , apply the Viète formulae and a little algebra. Analogously, F (a 2 ) = a 1 .
We now obtain a necessary condition for the existence of 3-designs which in fact refines (5).
Theorem 3.5 If k is odd, then
Proof. If t 2 > a 1 for all y ∈ C we can apply the nonexistence argument from Corollary 2.5. Therefore t 2 ≤ a 1 for some y ∈ C. We set f (t) = (t − a) 2 in (3) assuming a ≥ a 1 . We have (compute f 0 by (2))
This gives
The last quadratic function has its minimum at the point
This minimum equals to
Since a 1 is a root of (8), we express a 2 1 from (8) to obtain a linear inequality with respect to a 1 which is equivalent to (9) . Corollary 3.6 There exist no spherical 3-designs with 7 points on S 2 .
Proof. In this case (9) is violated since a 1 = −(1 + √ 2)/3 ≈ −0.804 while the RHS of (9) is equal to −1/2. Example 3.2 and Corollary 3.6 complete the case k = 1, i.e. we have shown the nonexistence of spherical 3-designs on S n−1 with 2n + 1 points (what is the first possible cardinality of a nontight 3-design) in all dimensions n ≥ 3. The precise investigation of the condition (9) implies the following result which slightly improves Theorem 2.8 for τ = 3. Corollary 3.7 There exist no spherical 3-designs on S n−1 with R(n, 3) + k = 2n + k points for n ≥ 3 and all odd positive k < n(2
Proof. We are interested in the pairs (n, k) for which n ≥ 3 and k ≥ 1. In what follows we shall take only such pairs under consideration. After a routine calculation (which we made using Maple V), the inequality (9) takes the form
The constant p was "conjectured" by setting k = (2 1/3 − 1)n + p, forgetting the small (with respect to the degrees of n) terms and resolving a linear (with respect to p) equation. In this case we get a polynomial of the variable n of degree five with leading coefficient equal to
Since this coefficient must be nonpositive, we see that the largest p which can be used is exactly 2(14 − 5.
We have h 3 (n, n(2
whenever n ≥ 3. The standard investigation of h 3 (n, k) shows that it is an increasing function of the variable k in the interval [1, +∞). Thus, for every positive integer k, for which k < n(2
In this case, the condition (9) is violated, that completes the proof. Example 3.8 As noted in the Introduction, Bajnok [2] has constructed 3-designs on S n−1 with all odd cardinalities greater or equal to R(n, 3) + n/2 = 5n/2 for n ≥ 6, and to 11 for n = 3, 4, and 15 for n = 5, and with all possible even cardinalities. Thus Corollary 3.7 shows that all possible cardinalities of 3-designs on S n−1 are already known for n = 4, 6 and only one unsettled case remains in dimensions n = 3, 5, and 7 ≤ n ≤ 14.
Nonexistence of certain 5-designs
Let C ⊂ S n−1 be a 5-design with |C| = R(n, 5) + k = n 2 + n + k points and y ∈ C. We set C = {y, x 1 , x 2 , . . . , x n 2 +n+k−1 } and (x i , y) = t i for i = 1, 2, . . . , n 2 + n + k − 1, where 
Example 4.2
For k = 1, the investigation of the function G(n, 1) implies the nonexistence of spherical 5-designs with n 2 + n + 1 points in all dimensions n ≥ 7. Similarly, for k = 3, one obtains the nonexistence of spherical 5-designs with n 2 + n + 3 points in all dimensions n ≥ 20. In three dimensions, Theorem 4.1 provides no information.
We now discuss the nonexistence results ensured by Theorem 2.6 for τ = 5. Theorem 4.3 For n ≥ 3 and all odd positive k < n(n + 1)( √ n + 2 − 1)/2, there exist no spherical 5-designs on S n−1 if
Proof. Since P (n+2) 2 (t) = ((n + 2)t 2 − 1)/(n + 1) (i.e. α = −1/ √ n + 2), the condition (6) is equivalent to k < n(n + 1)( √ n + 2 − 1)/2. A little algebra shows that (7) is equivalent to (10).
Example 4.4
For k = 1, (10) implies the nonexistence of 5-designs with n 2 + n + 1 points in all dimensions n ≥ 4 (in fact, after Example 4.2, we need to check (10) for n = 4, 5 and 6 only). Analogously, for k = 3, one obtains the nonexistence of spherical 5-designs with n 2 + n + 3 points in all dimensions n ≥ 7. The investigation of the condition (10) gives the following result: Corollary 4.5 For n ≥ 3, there exist no spherical 5-designs on S n−1 with n 2 +n+k points for all odd positive k < p 0 n 2 +p 1 n, where
Proof. Using Maple V again, we found that the inequality (10) is equivalent to
It is immediate that for every fixed positive number n, the function h 5 (n, k) of the variable k is decreasing in (0, +∞). The constant p 1 was found in the same way as in the case τ = 3 (cf. Corollary 3.7). We now substitute k with p 0 n 2 + p 1 n in h 5 (n, k) and obtain
and for every positive n. Thus (10) is satisfied for every positive k < p 0 n 2 + p 1 n.
To complete the proof we check the additional condition in Theorem 4.3 by seeing that p 0 n 2 + p 1 n < n(n + 1)( √ n + 2 − 1)/2 holds for every n ≥ 3. We have to mention that neither of the constants p 0 nor p 1 can be made larger by our method. Indeed, if we try to increase some of them, a negative coefficient will appear in the front of the highest power of n in h 5 (n, p 0 n 2 + p 1 n). In this case h 5 (n, p 0 n 2 + p 1 n) will be negative for large enough n. Using the last Corollary, we get
The interested reader can further apply (preferable by using Maple or Mathematica) the argument from the proof of Corollary 4.5. Indeed, one can prove that
In this case, the function h 5 (n, p 0 n 2 + p 1 n + p 2 ) is a polynomial which vanishes at n = 3 and is positive for all n > 3. We do not know the optimal polynomials for obtaining nonexistence results by our method. In what follows in this section, we propose a way for improving (11) . To refine our approach, we have to consider in (3) (as in Section 3) the polynomials f 1 (t) = (t 2 + at + b)
for the best choices of the parameters a and b. The following lemma is analog of Lemma 3.3 and must be proved in the same way. Lemma 4.6 For every reals a and b we have
We describe a simple algorithm for proving further nonexistence results for 5-designs. Given n ≥ 3 and odd k ≥ 1, we first obtain by Lemma 4.6 some bounds t 1 ≤ b 1 and t n 2 +n+k−1 ≥ b 2 . Then we search for polynomials f (t) = (t−c)
Of course, it is enough to find just one pair (c, d) for which the last inequality holds. This can be checked by a computer for a few seconds. The algorithm works strongly enough to rule out the first open case. 
Bounds on the maximal inner products of designs with odd strengths and cardinalities
When the nonexistence argument from Theorem 2.4 does not work, we can obtain a lower bound on the maximal inner product s(C) (equivalently, an upper bound on the minimum distance
Proof. There exists a point y ∈ C such that t 2 ≤ δ. Let the acute angle ϕ be such that cos ϕ = −δ. Then the angle between the vectors x 1 and x 2 does not exceed 2ϕ. Thus we have s(C) ≥ (x 1 , x 2 ) ≥ cos 2ϕ = 2 cos 2 ϕ − 1 = 2δ 2 − 1.
The bound for d(C) is obtained by d(C) = 2(1 − s(C)).
Bounds on the maximal inner product can be were obtained by a combination (cf. [10] ) of the Levenshtein's bounds on spherical codes [12] and the Delsarte-Goethals-Seidel bound (4). For any spherical (2e + 1)-design C ⊂ S n−1 , a reformulation of [10, Theorem 1] says that
where t (n+2) e is the greatest zero of the Gegenbauer polynomial P 
where h e is the greatest zero of the Hermite polynomial H e (t) [1, Chapter 22] . The Hermite polynomials can be defined by H 0 (t) = 1, H 1 (t) = 2t, H i+1 (t) = 2tH i (t) − 2iH i−1 (t), i ≥ 1, and one has h 1 = 0, h 2 = 1/ √ 2, h 3 = 3/2, h e = √ 2e + O(e −1/6 ) as e → ∞. For τ fixed, the RHS of (13) tends to zero as n tends to ∞. We obtain a positive lower bound on s(C) that does not depend (explicitly) on n. 
